Abstract. We construct an algorithm for a cylindrical cell decomposition of a closed cube I n R n compatible with a restricted" sub-Pfa an subset Y I n , provided an oracle deciding consistency of a system of Pfa an equations and inequalities is given. In particular, the algorithm produces the complement Y = I n n Y . The complexity bound of the algorithm, the number and formats of cells are doubly exponential in n 3 .
Introduction
Subanalytic sets are de ned as images of relatively proper real analytic maps of semianalytic sets. In 8 Gabrielov proved that the complement o f a n y subanalytic set is also subanalytic. This complement theorem, being a natural extension of the Tarski-Seidenberg principle for semialgebraic sets, plays a key role in real analytic geometry see 2, 5 as well as in model-theoretic study of o-minimality 7, 6, 1 7 .
The complement theorem immediately follows from the existence of a cylindrical decomposition of the ambient space compatible with a subanalytic set. The existence was proved in 9 by means of a quasi-constructive process of manipulating with symbols of real analytic functions and their derivatives.
In the present paper we modify the method from 9 so that being applied to subanalytic sets de ned by Pfa an functions it yields an algorithm a real numbers machine 3 with an oracle producing a cylindrical decomposition. Pfa an functions are solutions of triangular systems of rst order partial di erential equations with polynomial coe cients. Semi-Pfa an sets, de ned by systems of equations and inequalities between these functions, are characterized by global niteness properties 13, 1 4 . This means that their basic geometric and topological characteristics can be explicitly estimated in terms of formats of their de ning formulae. In the paperwe prove some global niteness properties for sub-Pfa an sets relatively proper images of semi-Pfa an sets as a consequence of an explicit complexity bound of our algorithm for a cylindrical decomposition. The bound is doubly exponential in a polynomial in the numb e r o f v ariables.
Note that for a special case of semialgebraic sets similar or better complexity results are well known 4, 1 8 , 1 2 , 1 .
Pfaffian functions and sub-Pfaffian sets
De nition 1.1. See 13, 1 4 , and 11 . A Pfa an chain of the order r 0 and degree 1 in an open domain G R n is a sequence of real analytic functions
The rst author was supported by NSF grant DMS-9704745. The second author was supported by EPSRC grant GR L77928; a part of this work was done when he was visiting Purdue University in August September, 1999. For n 1 suppose that for all 0 n M the dimension dimY f x n = n g = n , 1. Then for a vector a 1 ; : : : ; a n,1 the intersection Y f x 1 = a 1 ; : : : ; x n,1 = a n,1 g = 0 nM fx n = n g consists of M + 1 points. On the other hand, the number of points in the intersection does not exceed the number of all connected components of X f x 1 = a 1 ; : : : ; x n,1 = a n,1 g which is at most M, according to 13, 1 4 . This contradiction shows that there exists 0 n M such that dimY f x n = n g n , 1 . Applying the inductive h ypothesis to Y f x n = n g we conclude the proof. De nition 1.9. Weak strati cation. A weak strati cation of a semi-Pfa an set X is a subdivision of X into a disjoint union of smooth, not necessarily connected, possibly empty, basic semi-Pfa an subsets X , called strata. Each stratum X is e ectively non-singular, that is the system of equations and inequalities for X of codimension k includes a set of k Pfa an functions h ;1 ; : : : ; h ;k such that the restriction h ;j j X 0 for each 1 j k, and dh ;1 dh ;k 6 = 0 a t every point o f X .
As a model of computation we use a real numbers machine Blum-Shub-Smale model 3 equipped with an oracle for deciding the feasibility of any system of Pfa an equations and inequalities. An oracle is a subroutine which can be used by the algorithm any time the latter needs to check feasibility. We assume that this procedure always gives the correct answer though we do not specify how it actually works. For some classes of Pfa an functions the feasibility problem is decidable on real numbers machines or Turing machines with explicit singly-exponential complexity bounds. Apart from polynomials, such class form, for example, terms of the kind Pe h ; x 1 ; : : : ; x n where h is a xed polynomial in x 1 ; : : : ; x n and P is an arbitrary polynomial in x 0 ; x 1 ; : : : ; x n see 16 . For such classes the oracle can be replaced by a deciding procedure, and we get an algorithm in the usual sense. As far as the computational complexity is concerned, we assume that each oracle call has the unit cost. The complexity of the algorithm does not exceed LD Os+rs .
De nition 1.13. 6, 17 Cylindrical cell is de ned as follows.
1. Cylindrical 0-cell in R n is an isolated point. De nition 1.14. Cylindrical cell decomposition, say D, of a subset A R n is de ned as follows.
1. If n = 1 , then D is a nite family of pairwise disjoint cylindrical cells i.e., isolated points and intervals whose union is A. 2. Let X be a smooth manifold in R n , and fx a smooth non-vanishing function on X. For a generic c = c 1 ; : : : ; c n , all critical points of a function fx1+ c; x are non-degenerate. More p r ecisely, the set V = fc : fx1 + c; x has a degenerate critical pointg has zero m e asure i n R n .
3. Let X be a smooth manifold in R n , and Fx; a smooth non-vanishing function on X R d . For a xed , c onsider f x = Fx; as a function on X.
For a generic c, the set W c = f : f x1 + c; x has a degenerate critical pointg has zero m e asure i n R d . Proof. 1. This is a variant of Thom's transversality theorem. For convenience, we give a proof here. Let d = dim X. Fix x 0 2 X. One can renumber g so that di erentials of g 1 ; : : : ; g d generate cotangent space to X at x 0 . Let us change coordinates in the neighborhood U of x 0 so that g i x = x i , a i , for i = 1 ; : : : ; d . Consider the mapping df : U ! R d in these coordinates. The set of critical points of f c in U coincides with df ,1 c, and all these points are non-degenerate when c is not a critical value of df. From Sard's theorem, the set S U of critical values of df has zero measure. Since the sets U selected for di erent points x 0 cover X, a countable covering of X by these sets can be found. Accordingly, the set S, a countable union of the sets S U , has zero measure. 
Taking into the account Proposition 1.12, observe that W is a sub-Pfa an set, more precisely, there exist an integer n l+1 , n l n l+1 n l + n, and a semi-Pfa an set U 0 R n l+1 l+1 such that for the projection l+1 : R n l+1 l+1 ,! R n l+1 ; l+1 U 0 = W.
Let U 00 denote the semi-Pfa an set de ned in R n l+1 l+1 by the same formula as ; @ X 0 V S T R n l l+1 :
The algorithm nds Z and sets Y l+1 = Y ,1 l Z = l+1 U 0 U 00 ; Z l = Z and X l+1 = ,1 l+1 Y ,1 l Z U 0 U 00 : Observe that X l+1 is de ned by an explicit quanti er-free formula with Pfa an functions in n l+1 variables. The algorithm determines d l+1 = dimY l+1 = dimZ using the subroutine from Section 3.1.
On the last stepl d of the down" procedure the dimension dimY^l = 0 and Z^l = ;. and the total complexity of the recursive step of the down" procedure is 3.
The down" procedure consists of at most d recursion stages each of which includes steps 1 11. Iterating the bounds from 11 d times we conclude that for all l; 1 
